DETERMINANTAL CRITERIA FOR TRANSVERSALITY OF MORPHISMS DAN LAKSOV AND ROBERT SPEISER
When is a sufficiently general member f t : X t -• Y, of a family of maps of smooth schemes, transverse to a given map from a smooth scheme Z to 7? Here we give criteria valid over any universally catenary base scheme in any characteristic. Roughly speaking, our criteria will hold whenever the subscheme where an appropriate bundle map drops rank is determinantal, in the sense that it has the smallest possible dimension.
In this article, we study the transversality of the members of a smooth family of morphisms to a fixed morphism. More precisely [2] , let Y and Z be smooth schemes, and suppose given a family of schemes a morphism l4 Y from the total space of the family to Y, and a fixed morphism all over a general base scheme S, of arbitrary characteristic. A morphism f\p~ι(t), from a member p~ι(t) of the family, is said to be transverse to g if the fiber product p~ι(t) Xy Z is smooth. In many applications, Z will be a subscheme of Y via g, and each member of the family will be a subscheme of Y via the map f\p~ι(t). Then the map f\p~ι(t), or, as we shall say here, the family member p~ι{t), is transverse to g precisely when the intersection p~ι(t)r\Z is a smooth subscheme of Y.
For applications, it is useful to have criteria which guarantee transversality for general t e T, and the goal of this paper is to describe some very general ones. Earlier work in this area, drawing on ideas of Grothendieck [2] and Zariski [8] , culminates most clearly in Kleiman's paper [4] , of 1973. This work, which triggered ours, falls clearly into two theoretical contexts, distinguished both by geometric emphasis and technical style. Situation 1. Here we consider schemes in characteristic zero, but with no restrictions on the map g. For varieties over a field, we have several very useful criteria based on Sard's lemma, among them Kleiman's well-known theorem on the transversality of the general translate under a transitive group action [4, p. 390 ], which appears in Hartshorne's text [3, pp. 273-274] , and has enjoyed many applications. A direct generalization to groups acting with arbitrarily (even infinitely) many orbits appears in [7] . All these results, however, are false in characteristic p > 0, as elementary examples show.
Situation 2. To obtain results in arbitrary characteristics, we need dimension arguments which do not depend on Sard's lemma, under stronger hypotheses than in Situation 1. In particular, it helps a great deal to assume that the map g is unramified. Kleiman's statement [4, 10, p. 294 ], again over a field, represents a useful first step, a statement strong enough to establish Bertini's theorem on the smoothness of the general hyperplane section of a projective variety.
Since [4] appeared nearly two decades ago, it has become clear that we need still more general criteria, especially in Situation 2. On the one hand, it is clearly important to consider more general families than those arising from group actions, which represent a very special case. Laksov [5] , who treated crucial deformations of affine determinantal schemes, where no group acts, presented a transversality criterion which represents a significant advance beyond [4] . And, more recently, both the present authors have found natural generalizations (in [6] and [7] ) of Laksov's criterion, which lead directly to the still more general results presented here. On the other hand, many of the families we would like to consider are fibered over natural base spaces, for example Picard schemes or moduli spaces, so it makes sense to extend the theory further, to include base schemes more general than the spectrum of a field.
In this paper, for the first time, we lay foundations for transversality criteria over an arbitrary universally catenary base scheme S. For most of the paper, we work in Situation 2, that is, in arbitrary characteristic, and present results which strongly generalize Laksov's criterion [5] , as well as some results of [6] and [7] .
To be precise, in the notation we have established above, denote ΐ)y q\ and #2 projections of X xy Z to its first and second factors, and consider the map q* 2 T z/s Λ q\PT YIS = q* 2 g*T γ/s of sheaves onlxyZ, defined by τ = q\T{f 9 T) -q^Tig). Technically, our point of departure will be Grothendieck's observation that the following two assertions are equivalent: (1) The scheme X x y Z is smooth over T (2) The map τ is surjective.
Now we place ourselves in Situation 2, with the base scheme S universally catenary, and the map g unramified. Our central new idea is to assume further that the map τ is generic, in the sense that the locus Z(τ), where τ does not have maximal rank, has the smallest possible dimension, or, as we shall say, that the subscheme Z(τ) is determinantal
For then (Corollary 4.4 below) we can show that a general member of the family p is transverse to g.
While it is often very difficult, in general, to decide whether a given Z(τ) is determinantal, the problem becomes much more tractable if we assume, above, that / is flat. For example, suppose the schemes involved are algebraic, and the family {p~ι (t)} is trivial, that is, when X is the product X\ x T of two varieties, with p the projection to the second factor. Then we obtain Laksov's criterion [5] directly, and hence Kleiman's, as a corollary.
We believe that several key aspects of the theory become conceptually clearer at the higher level of generality we have taken here, but we recognize that the necessary inputs from the dimension theory of Noetherian schemes, scattered through [2] , may be new to some readers. Hence we recall some basic statements in § § 1 and 2, before passing to our own results. New statements in those sections include 1.8 and 2.7 through 2.9, which begin the proof of our most general result, 3.1, about determinantal families.
In addition to extending the theory to quite general families over arbitrary universally catenary base schemes, we clarify some of the connections between Grothendieck's general framework and the subsequent, much less general, results of [4] and [5] . Roughly speaking, Grothendieck's results allow us to establish directly, when the morphism / (resp. g) isflat(resp. unramified), and when the subscheme scheme Z{τ\q2 X (z)) is determinantal for all x € Z, that the family {p~ι(t)} is transverse to g. Hence the later work, ours in particular, checks when these conditions hold. In this spirit we illustrate, in § §4 through 6, some useful possibilities, none trivial, proceeding from general results over arbitrary base schemes to quite specific applications for varieties.
Readers interested only in the case of varieties, by the way, can avoid the more intricate dimension theory of the general case by consulting [6] and [7] , which give our basic results for varieties over a field, as well as further applications. In this connection, we should mention especially the generalization of Bertini's smoothness theorem, at the end of [7] , to suitably positive algebraic families, over fields of any characteristic. These papers take a somewhat less conceptual standpoint than the present one, but they introduce our key ideas in more familiar settings.
While all the results we have mentioned so far, as well as their proofs, are entirely independent of the characteristic of the base scheme, we succumb to temptation, finally, in §7, where we present a few results in Situation 1. These include a completely algebraic version of Sard's lemma, which implies most of the so-called generic smoothness results for varieties in characteristic zero.
Sheaves, morphisms and dimensions.
Here we collect some preliminary results on sheaves and morphisms. In addition to material from [2] , we include some key results about determinantal schemes, probably folklore, for which references are difficult to find.
Throughout, we fix a base scheme S, which is universally catenary. In other words, S can be covered by affines Spec(^4), where A is noetherian, such that for each finitely generated yί-algebra B and each pair P c Q of prime ideals in B, all maximal chains of prime ideals between P and Q have the same length. We shall tacitly assume that every scheme we consider is understood to be an S-scheme, every morphism an 5-morphism of finite type, and every sheaf coherent.
Given a scheme X and a point x of X, we denote by k(x) the residue field of the local ring ^j ?I of I at x, and we denote by dinijcX the Krull dimension of <fχ iX . Given a closed subscheme Z of X, we denote by codim(Z, X) the codimension of Z in X. When Z is irreducible, with generic point z, we have codim(Z , X) = dim z X.
Let /: X -• Y be a morphism of schemes. Given a point s in S, we denote by X(s) = X Xs Speeds) the fiber of X over s, and by f( Given a scheme X and two locally free ^-modules E and F, let denote an ^-linear map. We write Z(α) for the subscheme of X where the map a does not have maximal rank, equipped with the scheme structure given by the έfχ-ideal generated by the maximal minors of a. We denote by E{x) the fiber E®& k(x) of E at a point x of I, and by E(x) "£> F{x) the map of fibers induced by a. With this notation, the underlying point set of Z(α) consists of points x e X such that the dimension of the subspace a(x)(E(x)) of F(x) is less than min(rk£, rki 7 ). The formation of the scheme Z(a) is functorial, in the sense that if g: Z -• X is a map of schemes, then Z(g*a) is the inverse image subscheme g~ι(Z(a)).
Denote by Hom(£, F) the vector bundle Y(E ® F*) over X of linear maps from E to F, and let be the structural projection. Moreover, denote by h*E Λ h*F the universal linear map on Hom(is, F). Then the subscheme Z(a) of X is the inverse image of Z(γ) by the section associated to a.
For each point x of I, the fiber
. It is well known to be irreducible of codimension | vkE -τkF\ + 1 in the affine space Hom(E(x), F(x)).
The subscheme Z{γ) has pure codimension \ rkE -rkF\ + 1 in Hom(E, F), and the subscheme Z(a) has codimension at most
Proof. The first assertion follows immediately from the second part of 1.2, applied to the morphism h and the subscheme Z(γ) of Hom(E, F). For the second assertion, we first observe that the image of X by u is locally cut out by a regular sequence with rkErkF elements, corresponding to the entries of a matrix representing a locally. Consequently, we have codim(Z(α), Z{γ)) < rkErkF. Finally, set H = Hom(E, F). The second assertion now follows from the first, and the composite inequality
by applying the equality of 1.1 to the irreducible components of each scheme which appears.
In view of 1.8, the following definition is natural: DEFINITION. We say that the subscheme Z(a) of X is a determinantal subscheme of X if it is empty or has pure codimension |rk£-rkF| + l in X.
Smooth morphisms.
To make the exposition easier to follow, we assemble several basic observations about differentials and smooth maps before proving the key technical results 2.8 and 2.9. Again we begin by recalling some results from [2] , but the generalizations 2.8 and 2.9 will be essential for the rest of this article.
Given a scheme X, that is, an S-scheme, we denote by ΩL 5 the Kahler 1-differentials relative to the structure morphism, and, given a morphism /: X -• Y of schemes, we denote by ΩL r the @χ-module of relative Kahler 1-dimensionals of /, whenever the lack of reference to / seems unlikely to cause confusion. We where / is a closed embedding, X' = X x y 7', and j and # denote the projections of X 1 to the first and second factors, the following commutative diagram of ^'-modules collects most of the key information needed in the next section.
Here the map δ is defined by the multiplication map / ®& γ @χ -+ J into the ideal / defining j. Because / is an immersion and the diagram (*) is Cartesian, δ is surjective. Here, as in the following, we consider X and X' as Γ-schemes, via the maps p and p\X f = pj, respectively. Note also that the rows of the diagram are right exact, by 2.6. Combining 2.3 and 2.6, we also obtain the next statement. Moreover, when (1) and (2) hold, then δ is an isomorphism.
Proof. Assume that (1) holds. It then follows from 2.7, applied to the Γ-schemes X and X 1 , and to the immersion j 9 that δ(j, T)
is injective at x. Therefore N x >/ X is locally free. Also, it follows from 2.2 that N x » ι X is of rank c. However, by assumption, we know that Y and Y f are smooth over S at y. Hence, the same reasoning, applied to the map i, shows that δ{i, S) is injective, and that N γ >/ Y is free, also of rank c, at x. Now δ, a surjection of locally free sheaves of the same rank, is bijective, so δ{j\ T)δ is split injective. In other words, we have shown that (1) implies (2), and, when these conclusions hold, that the last statement of 2.8 follows. Conversely, suppose that (2) holds. Then δ, always surjective, must be bijective, and the splitting of δ (j, T)δ gives a splitting of δ{j, T). Hence, by 2.7, applied to the Γ-schemes X and X r , it follows that X' is smooth over T. Moreover, N x >/ X must have the same rank, c, as N γ^γ , so it follows that the relative dimension of X 1 over T is n -c. Hence (2) implies (1), and the proof is complete. REMARK. We did not need to assume that / is closed above; we only made this assumption so that it would be slightly easier to introduce the normal bundle. In 2.9, we could therefore apply 2.8 to the scheme Y, without assuming that it is separated.
3. The transversality result. Now we show how the general smoothness criteria 2.8 and 2.9 lead directly to our general transversality results, 3.1 and 3.2. In later sections, we explore conditions under which the hypotheses of these results are satisfied.
Denote by q\ and #2 the projections of X xy Z to its factors. That is, we have a cartesian square
In this notation, the map p of 2.9 can be rewritten as (
1) the scheme Z{p) = Z(q*Ω(f)Ω{p, T) Θ (-q^Ω(g))) is a determinantal subscheme of X xy Z (2) the scheme X x γ Z has pure codimension m in X x$ Z . Then there is a dense open subset U of T such that p~ι(U) xy Z is smooth over U of relative dimension n + l -m.
Proof. We may clearly assume that T is irreducible. By 2.9, it suffices to prove that pq\\Z(p) is not dominating. First, suppose / + n < m\ then we claim that not even pq\\X xyZ is dominating. Indeed, suppose an irreducible component X\ of X x y Z dominates T. The map pq\ is smooth, of pure relative dimension / + n hence, if Xι were an irreducible component of X x$ Z such that X\ c X 2 , and if η denotes the generic point of T, then 1.2 would imply that we have
which contradicts the assumption / + n < m. Hence we may assume that I + n > m . By hypothesis (1), the scheme Z(p) has pure codimension / + n -m + 1 in IxyZ, and X XyZ has pure codimension m in X x$Z by (2) . Hence it follows from 1.1 that Z(p) has pure codimension I + n+ I in X x s Z. If pqi \Z(p) were dominating, we would obtain, as in the first part of the proof, an inequality / + n+ 1 < I + n-dim Z(p)(η), contrary to our assumption that I + n <m. This completes the proof. COROLLARY 
Given morphisms f: X -> Y and g: Z -• Y, assume that g is unramified and that Y and Z are smooth and of pure relative dimensions m and I, respectively, over S. Let p: X -• T be a smooth morphism of pure relative dimension n. Assume also that the following two conditions hold:
(1) the scheme Z{q\Ω{p 9 Γ)Ω(0|<?|kerΩ(g)) is a determinantal subscheme of X xγZ\ (2) the scheme X x γ Z has pure codimension m in X x s Z.
Then there is a dense open subset U of T such that p~ι(U)xγ Z is smooth over U of relative dimension nΛ-l -m.
Proof. The kernel of p is clearly equal to <?*(ker(Ω(/)Ω(/?, T))) n #2 ker Ω(g) or, equivalently, to the kernel of the map
Since g is unramified, the £fz-module kerΩ(g) is locally free. The map p drops rank exactly where p\ drops rank; in other words, we have Z(p) = Z{p{). Hence the corollary follows from the theorem. (1) and (2) of Theorem 3.1, for example, may seem awkward to verify. Here we show how the verification of these conditions can be made more manageable. On the one hand, we show that it suffices to check condition (1) on the fibers of the projection q 2 of the diagram (*) of the last section. The advantage of passing to the fibers will be made clear in §6; when the map p is the projection of a product, the results are especially striking. On the other hand, we show that condition (2) holds whenever / is flat, as it is in many applications. Now we continue the study of general families. LEMMA 
Simpler versions. The assumptions

Given morphisms f:X->Y and g: Z -• Y, where X and the base scheme S are irreducible, assume that f is flat, and that Y and Z are flat over S, with geometrically irreducible fibers. Then the schemes Y, Z and 1x^7 are irreducible, and the relative dimension of Y over S equals codim(X Xy Z, X x$ Z).
Proof. It follows immediately from 1.6 that Y and Z are irreducible. Moreover, since X x$ Z is fibered, with geometrically irreducible fibers, over the irreducible scheme X via the projection to the first factor, it follows from 1.6 that X x s Z is irreducible. To prove the last statement of the lemma we consider the following cartesian diagram. Proof. This result follows from 3.4, and from the Lemmas 4.1 and 4.2, in the same way that the previous theorem followed from 4.1 and the same lemmas.
5.
A determinantal criterion for trivial families. For a given map a of bundles on a scheme X, we have seen that it would be very useful to know when Z(a) is a determinantal subscheme of X. There is, however, as far as we know, no single, easily verified condition on a to guarantee that Z(α) is determinantal in all practical cases. The transversality results of the previous two sections are therefore not very useful without further clarification. Nevertheless, for some important applications, we can give quite manageable conditions for the schemes involved to be determinantal. In this section we shall present one such situation, and we shall give others in the following section. For clarity, we proceed from the general to the special.
Given morphisms f:X->Y and g: Z -• Y of schemes, and locally free &χ-9 @γ-and ^-modules F ,E and G, respectively, suppose also that we have maps a: f*E -> F and β: g*E -> G of V-and ^z-πiodules. Write q\ and q 2 for the projections of Xx γ Z indicated by the subscripts. Then a and β induce a map P = (qΐ<* ® q$β): q\f*E = q$q*E -q\F and p, in turn, defines a morphism X x γ Z Λ whose target we denote by H. We shall write γγ for the universal map on //, so the scheme Z(p) is the pullback of Z(γ\).
Finally, let K denote the kernel of β . We have a natural map obtained by restricting q\a: q\f*E = q 2 g*E -• q\F to q 2 K. The maps /? and q\a\q 2 K clearly have the same kernel. Hence, if K is a locally free (split) sub ^z-submodule, and γ 2 denotes the universal map on YLom(q 2 K, q\F), it follows that Z(α) is the inverse image of Z(γ 2 ) by the composite map
Let z be a point of Z, and set y = f(z). Restricting to fibers over z, we obtain a map
If we have fc(z) = fc(j/) for the residue fields, we can regard the reduction K(z) = K(y) of the module K as a subspace of E. This yields
F\f-\y)).
Together with wv(z), the latter morphism defines a map
f-\y) Λnom r , {y) {(f\Γ\y)yK{y), F\f ι {y));
denote its target by H\. Now write γ for the universal map on Hγ then we have
Assume now that X is of the form Tx$X\, and that F is the pullback p\F\ of a locally free ^-module, via the projection of T x s X\ to the second factor. Given a point x of X\, we denote by T(x, y), as in §4, the fiber over x of the map f~ι(y) -• Xi induced by projection of Γ x s X\ to the second factor. The map u y induces a morphism
such that LEMMA 
Let z be a point of Z such that k(z) = k(y), where y =z f(z). Assume that X = T x s X\ and that F = p^Fχ, where pi denotes the second projection of T x s X\. Further, suppose that F\ is a locally free @χ -module. If the above morphism u x>y is flat for one point x in X\, then Z(p) Π T(x, y) is a determinantal subscheme of T(x,y).
Proof. This follows from 1.3(2).
Applications to varieties.
Here we show how the transversality criteria of Kleiman and Laksov, described in the introduction, follow directly from the results of the last two sections.
Throughout this section, we shall assume that the base scheme S is the spectrum of an algebraically closed field k . Then, by Hubert's Nullstellensatz, the /c-points of any S-scheme form a dense subset. We shall need the following result, which holds over any smooth base scheme. 
Proof. By generic flatness, the set where / is flat is open in X.
Hence it suffices to prove that / is flat at all A -points of T xs X\ -This scheme is smooth by 2.4, and it is irreducible by 1.6. It follows from 6.1 that, in order to prove (1) , it suffices to establish the equality for all Λ>points (ί, x) of T x$ X\ -To check this, write y = f(t, x), and notice that we have f~ι(y) = (T xsX\) xy Sρecfc(j ). Hence f~ι{y) can be projected to X\, by a morphism g: f~ι(y) -> X\. The fiber of g over a fc-point x of X\ is clearly equal to the transporter subscheme T(x, y) of § §4 and 5. However, T{x, y) is also the fiber of the morphism f\ T x$ Spec k(x) at the point y. Now the latter map is flat, with all fibers of the same dimension n, by hypothesis, so it follows from 1.3(2) that we have
This shows that f~ι(y)
is fibered over X\, with all fibers of constant dimension equal to n = dim T -dim Y. It therefore follows from 1.3(1) that all components of Z" 1^) have dimension at most equal to dim T -dim Y + dimXi. On the other hand, 1.5, applied to /, shows that each component of f~ι (y) has at least this dimension, so we obtain
This proves (1).
For (2), pick a /c-point x of X\. The map /c = /l^x^ Spec/:(.*:), which we shall view as a map from T, is dominating, and all the fibers of f x over f x (T) are translates of each other. It follows from 1.5 that all fibers of f x over f x (T) are equidimensional, of dimension άimf~ι{η), and by 1.2 they all have dimension equal to dimΓ -dim Y. Hence (2) follows from (1) , and the proof is complete.
To sum up, we have the following result. Proof. We shall prove that the assumptions of the theorem guarantee those of case (2) )). Consequently, it follows from 6.2 that the third map is flat. From the same lemma, it follows that the second map is flat. Hence the second assumption of the theorem is satisfied, and the corollary follows from assertion (2) of the theorem. Proof. It follows from 2.5 that we may assume that T is smooth. Further, we may, by generic flatness, assume that p is flat. The fibers of p are reduced and of pure dimension dim X-dim T. In particular, if we let XQ be the open dense subset of X over which Ω x χ , γ is locally free of minimal rank, then it follows from 2.5 that the fibers of P\XQ are smooth. Consequently p\X$ is smooth. We claim that no Proof. Since / is smooth, the projection q: Xx γ Z -+ Z is smooth. Hence Xx γ Z is smooth, of pure dimension equal to dimX+dimZ-dim Y. The theorem, applied with X x y Z in place of X and with the projection to the first factor followed by p in place of p, implies the existence of a set U with the asserted properties.
We conclude with a very useful special case of 7.2, often mentioned in the literature. Proof. This statement will clearly follow from the last corollary, once we prove that the morphism /: Γ x^ J -^ 7 is smooth. For this, it follows from 2.4 that the scheme T x$ X is smooth, so the theorem guarantees an open dense subset U of Y over which / is smooth. Let s be a point of T. The automorphism of T x s X that sends (t,x) to (st,x) clearly sends f~ι (U) isomorphically to f~~ι(sU). Hence / is smooth over sU. Because T acts transitively on Y, it follows that / is smooth.
